The paper is concerned with the scattering of waves incident at grazing angles upon a rough surface on which Neumann boundary conditions apply, when the medium has a linearly varying refractive index. The scattering is governed by an integral equation, which uses a parabolic form of the Green's function. The numerical solution of this system requires careful analytical treatment of the Green's function, and the purpose of this paper is to describe the details both of the analysis and the numerical scheme. Some computational results are shown, and the accuracy of the inversion of the integral equation is tested by comparison with an analytical approximation.
INTRODUCTION
The problem of acoustic scattering from rough surfaces has been widely studied in a variety of scattering regimes. A hard surface (Neumann condition) is needed for many applications in aero-and ocean acoustics. Although it is frequently assumed that the medium has a constant refractive index, in practice this is often not the case, and an important Some results and illustrations are given. In particular, for the case when the profile variation vanishes, a simple analytical approximation for the field at the surface is examined. This provides a test of the numerical solution for a given rough surface and allows the separation of the deterministic and stochastic components.
I. GOVERNING EQUATIONS
We consider the problem of a wave field at grazing incidence scattered from a one-dimensional rough surface. The Neumann boundary condition is assumed, that is, that the normal derivative of the field vanishes along the surface, and the refractive index in the medium itself is allowed to change linearly with depth. The coordinate axes are x and z, where x is the horizontal, x>•0, and z is the vertical, increasing upwards (i.e., z is directed out of the medium). Let r = (x,z). 
Equation (5) departs from the usual conventions for the analogous Helmholtz equations in the literature, and some discussion of this is required. The integral represents the limit of the integral in (6) as z approaches the surface. This differs from the common convention (for example, see Refs. 5 and 6) in which the limit is taken first, i.e., the integral is over the pointwise limit of the integrand in (6). The integration and limit operations fail to commute because as z approaches the surface c•G/cCz' does not converge in the space L• ofintegrable functions. With the pointwise limit, for a flat surface the integrand vanishes almost everywhere, and the last term E(x,z) acquires a 1/2 factor. The integral limit (5) is arguably more convenient here, since this equation arises as the limit of Eq. (6), and also because the numerical treatment of these expressions approximates point values by integrals over small intervals. Now, the integral equation (5) must be inverted to give the total field Eat the surface, which may then be substituted in (6) to find the field everywhere in the medium. In the derivation of these equations the usual normal derivative OG/cgz' of the Green's function has been replaced by the outward vertical derivative. This implies a further small slope assumption, which is consistent with the parabolic formulation, and is discussed further elsewhere.
• These equations have weak (i.e., integrable) singularities as x'-•x. The main problem is to identify fully these singularities when r' • r, and to treat them numerically. The method of solution and the evaluation of the integral of H, will be given in Sec.
II. An analytical solution of (5) as an infinite series when a = 0, and the approximation given by its truncation, will also be discussed.
The incident wave in the numerical examples here is a simple Gaussian beam of width to traveling at a small angle 0 to the surface: 
II. SOLUTION
The approach adopted in solving Eqs. (5) and (6) can now be described. Although the numerical method is similar to that which has been applied to a pressure release surface, 4 careful analytical treatment is required, to deal with the singularities in the Green's function and in particular to determine the limiting behavior of H(r;r') as r'-,r. The integral of H over small intervals along the surface must therefore be evaluated explicitly. Although it is not possible to do this exactly for an arbitrary rough surface, the approximations that will be applied capture correctly the behavior near the singularities and are exact when the surface is fiat. The integrals of the function H away from the singularities are also required for the numerical inversion of (5) and the evaluation of (6), in which the factor E in the integrarids is treated as approximately constant over sufficiently small intervals. In the following equations z' denotes the value h• (x') at the surface, and the derivative dh/dx is written h '.
A. Medium with constant profile
Evaluation of H(r, r7 as r approaches the surface
Suppose that the refractive index in the medium is con* stant. Then H = aH• and the exponent in H• simplifies. We consider the behavior ofHwhen r --r' is small. This is necessary, firstly, because the integral of H is not completely defined by (2) about the point (x,z) = (x',z'), and must be extended by continuity. Furthermore, in doing so care must be taken to avoid taking the "wrong" limit. As an illustration, consider H in the case of a flat surface. Then, for x' •x, putting z' = z in Eq. (2) gives H = 0. This is consistent with (5) only ifil behaves as a delta function at x = x' (see below). If we wish to quantify this by integrating H along the surface in a neighborhood of x, we might try do so for a slightly rough surface and let the roughness tend to zero. For small/•, expanding h about x this would give _ H(x•z;x',z')dx'
•cth'(x) exp[(ik/2)h'2(x)(x--x')] dx'; this tends to zero with h ', which is not valid. However if the integral of H is instead evaluated for z, at a small distance e away from the surface, and e is allowed to go to zero, the integral will approach the correct value in the limit. 
In the limit, the second term tends to zero with e and the first simplifies to give iim I2(x,x')dx' = -2h '(x)•-. We also require the integral of H over intervals of the surface in which x' does not approach x, but these are well behaved and are obtained easily from the more general case below. 
Evaluation of H(r; r•) for r in the medium
The constant 1 here is due to the term E(x,z) on the righthand side of (5). The integrals are approximated by Eqs. introducing substantially grater complexity in the analysis which is needed to evaluate G. Provided Ax is chosen to be small compared with variation in the surface itself and with Ei,• (x',z'), the accuracy will be satisfactory. The first check is that the boundary condition is satisfied, i.e., that the normal derivative of the field E vanishes along the surface. This is clear from Fig. 1, which shows the amplitude of the field as a function of range x and the vertical z in a region around the surface (whose outline is marked by the discontinuity in E). In the case era nonconstant profile a and a flat surface the "bounce" length x,, i.e., the distance to the first intensity peak along the surface, is given by x, ----(2zola),/2. Provided that successively scattered peaks are separated, it is easily shown from the ray paths that they should occur at intervals of 2x,. given elsewhere' and these will not be reproduced here.
When the profile variation a is zero, an analytical check can be used for moderately rough surfaces, and this is described below, with some additional comparisons.
D. Further results
When there is a linear variation of the refractive index in the medium analytical treatment becomes intractable, particularly for a rough surface since the profile introduces multiple scattering against even a slightly rough surface. Suppose however that the profile is constant, and consider Eq. surface 4) to quantify the distance over which the details of the surface appreciably affect the scattered field. The stochastic part of E along the surface is given by the last two terms, and from these an approximate form for the mean field along the surface is easily obtained.
When there is a linear profile in the medium, the expansion (24) (for the appropriate operators T o and A r) does not hold because T o no longer commutes with At. It is also clear that no "local" approximation can be valid in that case since the wave field is repeatedly scattered at the surface, and analytical treatment both for hard and soft surfaces becomes difficult.
